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Abstract. Some trapezoid and mid-point type inequalities with new bounds for Hermite-Hadamard
inequality related to Riemann-Liouville integrals of order ˛ > 0 are obtained. Also a refinement
of Hermite-Hadamard inequality for nonnegative monotone convex functions is presented. Fur-
thermore some applications in connection with special means are given.
2010 Mathematics Subject Classification: 26A15; 26A51; 26D15
Keywords: Hermite-Hadamard inequality, trapezoid and mid-point type inequalities, fractional
integrals
1. INTRODUCTION
The following inequality is known in literature as Hermite-Hadamard inequality:
f
aCb
2

 1
b a
Z b
a
f .x/dx  f .a/Cf .b/
2
; (1.1)
where f W ŒaIb! R is convex on Œa;b. For historical information about inequality
(1.1), see [6].
In inequality (1.1), we may deal with two issues:
(i) Estimation of the difference between left and middle terms which we call it
trapezoid type estimation
(ii) Estimation of the difference between right and middle terms which we call it
mid-point (rectangle) type estimation.
At first S. S. Dragomir et al, in [3], obtained the trapezoid type inequality related to
(1.1) as well:
Theorem 1. Let f W I ı R!R be a differentiable mapping on I ı, a;b 2 I ı with
a < b. If jf 0j is convex on Œa;b, then the following inequality holds:ˇˇˇf .a/Cf .b/
2
.b a/ 
Z b
a
f .x/dx
ˇˇˇ
 .b a/
2
8

jf 0.a/jC jf 0.b/j

: (1.2)
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The striped area shown in Figure 1, is equivalent to the difference between the
area of trapezoid abcd and the area under the graph of f which is estimated by
.b a/2
8
 jf 0.a/jC jf 0.b/j. Also U. S. Kirmaci in [5], obtained the mid-point type
FIGURE 1.
inequality related to (1.1) as the following:
Theorem 2. Consider I as the interior of interval I  R. Let f W I! R be a
differentiable mapping on I, a;b 2 I with a < b. If jf 0j is convex on Œa;b, then
we haveˇˇˇ Z b
a
f .x/dx  .b a/f
aCb
2
ˇˇˇ
 .b a/
2
8

jf 0.a/jC jf 0.b/j

: (1.3)
In Figure 2, it is shown that the difference between the area under the graph of
f and the area of rectangle abcd can be estimated by .b a/
2
8
 jf 0.a/j C jf 0.b/j.
Recently In [8], the authors obtained Hermite-Hadamard’s inequality related to frac-
FIGURE 2.
tional integrals as the following:
Theorem 3. Let f W Œa;b!R be convex function with 0 a < b and f 2LŒa;b.
If f 0 2 LŒa;b; then the following equality for fractional integrals holds.
f
aCb
2

   .˛C1/
2.b a/˛

J ˛
aCf .b/CJ ˛b f .a/
 f .a/Cf .b/
2
; (1.4)
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where J ˛
aCf and J
˛
b f are the Riemann-Liouville integrals of order ˛ > 0 defined
by
J ˛
aCf .x/D
1
  .˛/
Z x
a
.x  t /˛ 1f .t/dt; x > a;
and
J ˛b f .x/D
1
  .˛/
Z b
x
.t  x/˛ 1f .t/dt; x < b;
such that
  .˛/D
Z 1
0
e t t˛ 1dt;
is Gamma function and J 0
aCf .x/D J 0b f .x/D f .x/.
The trapezoid and mid-point type inequalities related to (1.4) have been obtained
in [8] and [4] respectively.
Theorem 4. Let f W Œa;b!R be a differentiable mapping on .a;b/ with a < b. If
jf 0j is convex function on Œa;b, then the following inequality for fractional integrals
holds: ˇˇˇˇ
f .a/Cf .b/
2
    .˛C1/
2.b a/˛

J ˛
aCf .b/CJ ˛b f .a/
ˇˇˇˇ
(1.5)
 b a
2.˛C1/

1  1
2˛
h
jf 0.a/jC jf 0.b/j
i
:
Theorem 5. Let f W Œa;b!R be a differentiable mapping on .a;b/ with a < b. If
jf 0j is convex function on Œa;b, then the following inequality for Riemann-Liouville
fractional integrals holds for 0 < ˛  1:ˇˇˇˇ
f
aCb
2

    .˛C1/
2.b a/˛

J ˛
aCf .b/CJ ˛b f .a/
ˇˇˇˇ b a
2˛C1.˛C1/
h
jf 0.a/jC jf 0.b/j
i
:
(1.6)
On the other hand in [7], we can find two results related to the convexity of a
function as the following:
(a) Any convex function defined on a closed interval Œa;b is bounded.
(b) If a real valued function defined on the interval I is convex, then it satisfies a
Lipschitz condition on any closed interval Œa;b
 
there is a constantK so that for any
two points x;y 2 Œa;b, jf .x/ f .y/j Kjx yj contained in the interior I ı of I .
Motivated by above works and results, we obtain some trapezoid and mid-point
type inequalities related to (1.4) where the convexity condition for the absolute value
of the derivative of considered function is replaced by boundedness and a Lipschit-
zian condition for the derivative. In fact we obtain new bounds for the left side of in-
equalities (1.5) and (1.6) which give some refinements for these inequalities. Also by
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the use of fractional integrals we present a refinement of Hermite-Hadamard inequal-
ity for nonnegative monotone convex functions. Finally we give some applications
of our results in connection with special means.
2. TRAPEZOID AND MID-POINT TYPE INEQUALITIES
In this section, we obtain some Hermite-Hadamard’s trapezoid and mid-point type
inequalities via fractional integrals where the derivative of considered function is
bounded and satisfies a Lipschitz condition. The following result has been obtained
in [8] and we use it to obtain trapezoid type inequalities.
Lemma 1. Let f W Œa;b! R be a differentiable mapping on .a;b/ with a < b. If
f 0 2 LŒa;b, then the following equality for fractional integral holds:
f .a/Cf .b/
2
    .˛C1/
2.b a/˛

J ˛
aCf .b/CJ ˛b f .a/

D b a
2
Z 1
0

t˛  .1  t /˛f 0 taC .1  t /bdt:
In the following theorem we consider that the derivative of considered function is
bounded.
Theorem 6. Suppose that f W I ! R is a differentiable function on I ı. Consider
a;b 2 I ı with a < b such that f 0 2 LŒa;b. If there exist constants l < L such that
 1< l  f 0.x/ L<1 for al l x 2 Œa;b; thenˇˇˇˇ
ˇf .a/Cf .b/2     .˛C1/2.b a/˛ hJ ˛aCf .b/CJ ˛b f .a/i
ˇˇˇˇ
ˇ (2.1)
 .b a/.L  l/
2.˛C1/

1  1
2˛

:
Proof. From Lemma 1 we have
J D
ˇˇˇˇ
f .a/Cf .b/
2
    .˛C1/
2.b a/˛

J ˛
aCf .b/CJ ˛b f .a/
 ˇˇˇˇ
D b a
2
Z 1
0
h.t/
h
f 0
 
taC .1  t /b  lCL
2
C lCL
2
i
dt;
where h.t/D t˛  .1  t /˛; for all t 2 Œ0;1. SinceZ 1
0
h.t/dt D 0;
Z 1
0
jh.t/jdt D 2
˛C1.1 
1
2˛
/;
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and ˇˇˇ
f 0
 
taC .1  t /b  lCL
2
ˇˇˇ
 L  l
2
;
then
jJ j  b a
2
Z 1
0
jh.t/j
ˇˇˇ
f 0
 
taC .1  t /b  lCL
2
ˇˇˇ
dt
 .b a/.L  l/
4
Z 1
0
jh.t/jdt D .b a/.L  l/
2.˛C1/ .1 
1
2˛
/:

Remark 1. If jf 0j is convex on Œa;b, then there exist l;L with
0 l D 2
ˇˇˇ
f 0
 aCb
2
ˇˇˇ L jf 0.x/j  LDmaxfjf 0.a/j; jf 0.b/jg<1
for all x 2 Œa;b which implies that L  l  jf 0.a/jC jf 0.b/j, since jf 0.b/j> jf 0.a/j ! LD jf 0.b/j and   l  l  jf 0.a/j ! L  l  jf 0.a/jC jf 0.b/j;
jf 0.a/j> jf 0.b/j ! LD jf 0.a/j and   l  l  jf 0.b/j ! L  l  jf 0.a/jC jf 0.b/j:
So (2.1) gives a refinement for (1.5).
In the following theorem we consider that the derivative of considered function
satisfies a Lipschitz condition.
Theorem 7. Suppose that f W I ! R is a differentiable function on I ı. Consider
a;b 2 I ı with a < b such that f 0 2 LŒa;b and satisfies a Lipschitz condition for
some K > 0. Thenˇˇˇˇ
ˇf .a/Cf .b/2     .˛C1/2.b a/˛ hJ ˛aCf .b/CJ ˛b f .a/i
ˇˇˇˇ
ˇ
 K˛.b a/
2
2.˛C1/.˛C2/ :
Proof. From Lemma 1 we have
J D
ˇˇˇˇ
f .a/Cf .b/
2
    .˛C1/
2.b a/˛

J ˛
aCf .b/CJ ˛b f .a/
 ˇˇˇˇ
D b a
2
Z 1
0
h.t/
h
f 0
 
taC .1  t /b f 0aCb
2

Cf 0
aCb
2
i
dt
D b a
2
Z 1
0
h.t/
h
f 0
 
taC .1  t /b f 0aCb
2
i
dt;
where h.t/D t˛  .1  t /˛; for all t 2 Œ0;1 andZ 1
0
h.t/f 0
aCb
2

dt D 0:
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Since f 0 satisfies a Lipschitz condition for some K > 0, then
jJ j  K.b a/
2
2
Z 1
0
jh.t/jjt   1
2
jdt:
The definition of h.t/ implies that
jJ j  K.b a/
2
2
Z 1
0
 
t˛  .1  t /˛.t   1
2
/dt D K˛.b a/
2
2.˛C1/.˛C2/ :

The following lemma has been proved in [4] and we use it to obtain mid-point type
inequalities.
Lemma 2. Let f W Œa;b!R be a differentiable function on .a;b/. If f 0 2LŒa;b,
then the following identity for Riemann-Liouville fractional integrals holds:
f
aCb
2

    .˛C1/
2.b a/˛
h
J ˛
aCf
 
b/CJ ˛b f .a/
i
D b a
2
4X
kD1
Ik;
where
I1 D
Z 1
2
0
t˛f 0
 
tbC .1  t /adt; I2 D Z 12
0
. t˛/f 0 taC .1  t /bdt;
I3 D
Z 1
1
2
.t˛ 1/f 0 tbC .1  t /adt; I4 D Z 1
1
2
.1  t˛/f 0 taC .1  t /bdt:
If we consider the boundedness of the derivative of considered function we get the
following mid-point type inequality.
Theorem 8. Suppose that f W I ! R is a differentiable function on I ı. Consider
a;b 2 I ı with a < b such that f 0 2 LŒa;b. If there exist constants l < L such that
 1< l  f 0.x/ L<1 for al l x 2 Œa;b; thenˇˇˇˇ
f
aCb
2

    .˛C1/
2.b a/˛
h
J ˛
aCf
 
b/CJ ˛b f .a/
iˇˇˇˇ
 M.b a/
2.˛C1/
h
˛ 1C  1
2
˛ 1i
;
where M Dmaxf l;Lg.
Proof. If we consider
I1 D
Z 1
2
0
t˛
h
f 0
 
taC .1  t /b  lCL
2
C lCL
2
i
dt;
then ˇˇˇˇ
I1  lCL
2
Z 1
2
0
t˛
ˇˇˇˇ

Z 1
2
0
t˛
ˇˇˇ
f 0
 
taC .1  t /b  lCL
2
ˇˇˇ
dt
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 L  l
2
 1
˛C1.
1
2
/˛C1

;
which implies that ˇˇ
I1
ˇˇ L  l
2
C
ˇˇˇ lCL
2
ˇˇˇ 1
˛C1.
1
2
/˛C1

:
Moreover it is not hard to see that
M Dmaxf l;Lg D

L  l
2
C
ˇˇˇ lCL
2
ˇˇˇ
:
So ˇˇ
I1
ˇˇM 1
˛C1.
1
2
/˛C1

:
Similarly we can obtain that ˇˇ
I2
ˇˇM 1
˛C1.
1
2
/˛C1

:
It follows that ˇˇ
I3
ˇˇMh1
2
  1
˛C1

1   1
2
˛C1i
;
and ˇˇ
I4
ˇˇMh1
2
  1
˛C1

1   1
2
˛C1i
;
Now by adding all of above inequalities we get
4X
iD1
jIi j  M
˛C1

˛ 1C  1
2
˛ 1
;
which implies the desired result. 
Remark 2. In proof of Theorem 8 if we consider 0 < ˛  1, then by the use of the
fact that
jt˛1   t˛2 j  jt1  t2j˛;
for any t1; t2 2 Œ0;1, we obtain thatˇˇˇˇ
f
aCb
2

    .˛C1/
2.b a/˛
h
J ˛
aCf
 
b/CJ ˛b f .a/
iˇˇˇˇ
 M.b a/
2˛.˛C1/ : (2.2)
where M Dmaxf l;Lg. Furthermore in the case that
2M  jf 0.a/jC jf 0.b/j;
inequality (2.2) gives a refinement for (1.6).
If the derivative of considered function satisfies a Lipschitz condition, then the
following inequality holds.
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Theorem 9. Suppose that f W I ! R is a differentiable function on I ı. Consider
a;b 2 I ı with a < b such that f 0 2 LŒa;b and satisfies a Lipschitz condition for
some K > 0. Thenˇˇˇˇ
f
aCb
2

    .˛C1/
.b a/˛
h
J ˛
aCf
 
b/CJ ˛b f .a/
iˇˇˇˇ
 b a
2˛.˛C1/

K.b a/
˛C2 C
ˇˇˇ
f 0
aCb
2
ˇˇˇ
;
for 0 < ˛  1:
Proof. With some calculations similar to the proof of Theorem 7 we deduce that
jI1j D jI2j D jI3j D jI4j  1
2˛C1.˛C1/
h
K.b a/
˛C2 C
ˇˇ
f 0.aCb
2
/
ˇˇi
; which along with
Lemma 2 imply the result. Note that in jI3j and jI4j we used the fact that
jt˛1   t˛2 j  jt1  t2j˛;
for any t1; t2 2 Œ0;1 and 0 < ˛  1. 
Corollary 1. If we consider ˛ D 1 in
(i) Theorem 6, then we getˇˇˇˇ
ˇf .a/Cf .b/2   1.b a/
Z b
a
f .x/dx
ˇˇˇˇ
ˇ .b a/.L  l/8 ;
If there exist constants l <L such that 1< l  f 0.x/L<1 for al l x 2 Œa;b.
(ii) Theorem 7, then we obtainˇˇˇˇ
ˇf .a/Cf .b/2   1.b a/
Z b
a
f .x/dx
ˇˇˇˇ
ˇ K.b a/212 ;
if f 0 satisfies a Lipschitz condition for some K > 0 on Œa;b. Comparing this in-
equality with inequality (2.6) in [2], shows that the existence of a Lipschitz condition
for f 0 gives a better estimation rather than the existence of a Lipschitz condition for
f .
(iii) Theorem 8, then we haveˇˇˇˇ
f
aCb
2

  1
.b a/
Z b
a
f .x/dx
ˇˇˇˇ
 M.b a/
4
;
if there exist constants l <L such that 1< l  f 0.x/L<1 for al l x 2 Œa;b
and M Dmaxf l;Lg .
(iv) Theorem 9, then we deduce thatˇˇˇˇ
f
aCb
2

  1
.b a/
Z b
a
f .x/dx
ˇˇˇˇ
 K.b a/
2
12
C 1
4
ˇˇˇ
f 0
aCb
2
ˇˇˇ
:
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if f 0 satisfies a Lipschitz condition for some K > 0 on Œa;b.
3. REFINEMENT OF HERMITE-HADAMARD INEQUALITY
In this section we give a refinement of Hermite-Hadamard inequality and some
new inequalities in connection with fractional integrals related to the nonnegative
monotone convex functions.
Theorem 10. Let f W Œa;b! R be a convex function.
(i) For ˛  1, the following refinement of Hermite-Hadamard inequality holds if f
is nonnegative and increasing.
f

aCb
2

 1
b a
Z b
a
f .x/dx    .˛C1/
2.b a/˛
h
J ˛
aCf .b/CJ ˛b f .a/
i
 f .a/Cf .b/
2
:
(3.1)
(ii) For any ˛ > 0 we have
f

aCb
2

   .˛C1/
2.b a/˛
h
J ˛
aCf .b/CJ ˛b f .a/
i
 ˛
b a
Z b
a
f .x/dx: (3.2)
(iii) If ˛  1 and f is nonnegative and increasing, then
1
b a
Z b
a
f .x/dx    .˛C1/
2.b a/˛
h
J ˛
aCf .b/CJ ˛b f .a/
i
dx  ˛
b a
Z b
a
f .x/dx:
(3.3)
Proof. From convexity of f we have
f
 
tbC .1  t /a tf .b/C .1  t /f .a/;
and
f
 
taC .1  t /b tf .a/C .1  t /f .b/:
By adding these inequalities we get
f
 
tbC .1  t /aCf  taC .1  t /b f .a/Cf .b/: (3.4)
Multiplying both sides of (3.4) by t˛ 1 and integrating the resulting inequality with
respect to t over Œ0;1 and using Theorem 1 in [1], we obtainZ 1
0
t˛ 1dt 
Z 1
0
f
 
tbC .1  t /adtCZ 1
0
t˛ 1dt 
Z 1
0
f
 
taC .1  t /bdt

Z 1
0
t˛ 1f
 
tbC .1  t /adtCZ 1
0
t˛ 1f
 
taC .1  t /bdt
 f .a/Cf .b/Z 1
0
t˛ 1dt:
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Using the changes of variable x D tbC .1  t /a and x D taC .1  t /b, respectively,
in above integrals we have
1
b a
Z 1
0
t˛ 1dt:
Z b
a
f .x/dxC
Z b
a
f .aCb x/dx

   .˛/
.b a/˛
h
J ˛
aCf .b/CJ ˛b/ f .a/
i
 f .a/Cf .b/Z 1
0
t˛ 1dt:
Since Z 1
0
t˛ 1dt D 1
˛
;
and Z b
a
f .x/dx D
Z b
a
f
 
aCb xdx;
then we obtain
1
b a
Z b
a
f .x/dx    .˛C1/
2.b a/˛
h
J ˛
aCf .b/CJ ˛b f .a/
i
 f .a/Cf .b/
2
: (3.5)
On the other hand since f is convex, then
f

aCb
2

 1
b a
Z b
a
f .x/dx;
which along with (3.5), implies the inequality (3.1).
To obtain inequality (3.2), we consider that
f

aCb
2

 1
2
h
f
 
taC .1  t /bCf  tbC .1  t /ai:
Multiplying both sides by t˛ 1 and integrating the resulting inequality with respect
to t over Œ0;1 we get
2
˛
f

aCb
2

   .˛/
.b a/˛
h
J ˛
aCf .b/CJ ˛b f .a/
i

Z 1
0
f
 
taC .1  t /bdtCZ 1
0
f
 
tbC .1  t /adt
which implies the inequality (3.2). Finally inequality (3.3) comes from (3.1) and
(3.2). 
Remark 3. If f and g are nonnegative decreasing functions defined on Œ0;1 and
B is an upper bound for them, then B   f and B   g are nonnegative increasing
functions and soZ 1
0
.B  f .x//dx
Z 1
0
.B  g.x//dx 
Z 1
0
.B  f .x//.B  g.x//dx;
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which gives again Z 1
0
f .x/dx
Z 1
0
g.x/dx 
Z 1
0
f .x/g.x/dx:
This implies that inequalities (3.1) and (3.3) of Theorem 10 can be obtained if f W
Œa;b! R be a decreasing nonnegative convex function and 0 < ˛  1.
4. APPLICATION TO SPECIAL MEANS
The following means for real numbers a;b 2 R are known:
A.a;b/D aCb
2
arithmetic mean;
Ln.a;b/D
h bnC1 anC1
.nC1/.b a/
i 1
n
generali´ed log mean; n 2N; a < b:
Consider f .x/D xn for x  0, n 2N. If x 2 Œa;b,
l D nan 1  f 0.x/D nxn 1  nbn 1 D L:
So from Theorem 6, we obtainˇˇˇˇ
ˇanCbn2     .˛C1/2.b a/˛ hJ ˛aCf .b/CJ ˛b f .a/i
ˇˇˇˇ
ˇ
 n.b a/.b
n 1 an 1/
2.˛C1/

1  1
2˛

;
where
J ˛
aCf .b/D
Z b
a
.b  t /˛ 1tndt D
nX
kD0
an k.b a/˛CkP.n;k/Qk
iD0.˛C i/
;
J ˛b f .a/D
Z b
a
.t  a/˛ 1tndt D
nX
kD0
. 1/kbn k.b a/˛CkP.n;k/Qk
iD0.˛C i/
;
and
P.n;k/D nŠ
.n k/Š ;
which is the number of possible permutations of k objects from a set of n.
In special case if we consider ˛ D 1, then we have
J ˛
aCf .b/CJ ˛b f .a/D
2.bnC1 anC1/
nC1 :
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So ˇˇˇˇ
ˇanCbn2   bnC1 anC1.nC1/.b a/
ˇˇˇˇ
ˇ n.b a/.bn 1 an 1/8 ;
or equivalentlyˇˇˇˇ
A.an;bn/ Lnn.a;b/
ˇˇˇˇ
 n.b a/.b
n 1 an 1/
8
(4.1)
 n.b a/.b
n 1Can 1/
8
D n.b a/A.a
n 1;bn 1/
4
:
Inequality (4.1) gives a refinement for inequality (1.5)
 
in the case that ˛ D 1 and
f .x/ D xn that turns to the inequality obtained in Proposition 3.1 in [3], where
0 a < b, n 2N and n 2.
It follows that f 0.x/D nxn 1, satisfies a Lipschitz condition for
K D sup
x2Œa;b
n.n 1/xn 2 D n.n 1/bn 2:
So from Theorem 7 we haveˇˇˇˇ
A.an;bn/ Lnn.a;b/
ˇˇˇˇ
 n.n 1/b
n 2.b a/2
12
:
At last, Theorem 8 and 9 imply the following inequalities.ˇˇˇˇ
f
 
A.a;b/
 Lnn.a;b/ˇˇˇˇ nbn 1.b a/4 ;
and ˇˇˇˇ
f
 
A.a;b/
 Lnn.a;b/ˇˇˇˇ n.n 1/bn 1.b a/212 C n4An 1.a;b/:
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